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Abstract 

We describe the countable ordinals in terms of iterations of Mostowski 
collapsings. This gives a proof-theoretic bound on definable countable 
ordinals in Zermelo-Fraenkel set theory ZF. 



1 Introduction 

In these decades ordinal analyses (mainly of set theories) have progressed greatly, 
of. M. Rathjen's contributions [IMl3] and [HI]. 

Current ordinal analyses are recursive. By recursive ordinal analyses we 
mean that everything in the analyses is recursive (on uj). Namely notation sys- 
tems for ordinals to measure the proof-theoretic strengths of formal theories are 
recursive, and operations on (codes of recursive) infinite derivations to eliminate 
cut inferences are recursive, and so on. Moreover in the analyses we consider 
only derivations of recursive statements on the least recursively regular ordinal 
uJi^^ . We now ask: Can we lift up recursive ordinal analyses to countables 
through a non-effective ordinal analysis? By an analysis on countables we aim 
at bounding provability in formal theories for sets with respect to statements 
on countable sets. 

The proof technique in these ordinal analyses (cut-elimination with collaps- 
ing functions) has been successful in describing the bounds on provability in 
theories on recursive analogues of (small) large cardinals, which were intro- 
duced by Richter and Aczel [13]. We can expect that the technique works also 
for set theories of (true) large cardinals. In this paper we give a way to de- 
scribe a bound on provability in Zermelo-Fraenkel set theory ZF. We describe 
the countable ordinal ^i^jEz+i, and show that the ordinal is a proof-theoretic 
bound on definable countable ordinals provably existing in Zermelo-Fraenkel set 
theory ZF, Theorem ll.il 



* Dedicated to the occasion of the retirement of Prof. Wilfried Buchholz 
tpd like to thank an anonymous referee for very helpful technical comments. 
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Let us describe the content of this paper. In section [5] we give a characteri- 
zation of the regularity of ordinals in terms of Si-Skolem hulls. In section[3]we 
introduce a theory of sets which is equivalent to Zf + {V = L), and in section^] 
collapsing functions a ^ ^'k.mQ^ < are introduced for each uncountable regu- 
lar cardinal k < I and n < w, cf. Definition 14. 1[ where I is intended to denote 
the least weakly inaccessible cardinal. Let Wfc(/+ 1) denote the tower of w with 
the next epsilon number ej+i sup{a;/j(/ 4- 1) : fc < w} above /. It is easy to 
see that the predicate x — ^K,„a is a I]„+i-prcdicatc for a < e/+i, and for each 
n,k < Lu Zf + {V = L) proves Va < bJk{I + 1)Vk < I3x < k[x ~ ^'K,„a], cf. 
Lemma 14.61 

Conversely we show the following Thcorcni ll.il in the fragment /Ej of first- 
order arithmetic. 

Theorem 1.1 For a sentence 3x e L^Ji fix) with a first- order formula ip{x), if 
ZF + {V = L) h 3x e L^, ip{x) 

then 

3n < uj[ZF +{V ^ L)^3x e L^^_^^^^(^j+i)(p{x)]. 

Remark. From Theorem 11.11 together with Lemma 14.61 it follows that the 
countable ordinal 

^uji£i+i ■= sup{*„^,„a;„(/ + 1) : n < w} 

is the limit of ZF + {V = L)-provably countable ordinals in the following sense: 

^wiEz+i = supja < LOi : a is a ZF + (T^ = L)-provably countable ordinal } 

where by saying that an ordinal a is a ZF + (y = L)-provably countable we 
mean 

ZF + (F = L) h Ella; < Ui (p{x) & L ^ 'Pict) for some formula (p. 

From Theorem 1 1.1 1 we see that if ZF + (y = i) proves the existence of a real 
a G'^uj enjoying a first-order condition ^p{a), ZF + {V = L) \- 3a £ "ujip{a), then 
such a real a is already in level of constructible hierarchy. 

This paper is based on a technique, operator controlled derivations , which 
was introduced by W. Buchholz [B] , hereby he gave a convincing ordinal analysis 
for the theory KPi of recursively inaccessible ordinals, which is a recursive ana- 
logue of ZF. In section [S] operator controlled derivations for ZF are introduced, 
and in the final section [5] Theorem 11.11 is concluded. First let us explain the 
technique briefly. 

In an operator controlled derivation, ordinals occurring in the derivation are 
controlled by an operator H on ordinals. Through this we see that these ordinals 
are in a Skolem hull Ti. On the other side a recursive notation system is defined 
through an iteration of Skolem huUings. Suppose that a formal theory on sets 
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proves a sentence 3x < uJi for a bounded formula 0. Then the technique tells 
us how many times do we iterate Skolem hulllings to bound a recursive ordinal 
X, a witness for 0. 

To be specific, let us explain how a Skolem hull looks like. Let T denote a 
set of functions. 

Definition 1.2 (Cf. |g].) For sets X, Cl{X;T) denotes the Skolem hull of X 
under the functions in !F . 

The set Cl{X;T) is inductively generated as follows. 

1. X C Cl{X;T). 

2. If f C Cl{X; T), / e J" and f C dom(/), then /(f) G Cl{X] T). 

Now let us restrict the construction on the class of ordinals Ord. D, = loi 
denotes the least uncountable ordinal. Let be a countable set of ordinal 
functions / : Oro?" Ord, where the arity n < w of the function / is fixed for 
each /. Assume that 0-ary functions 0, VI belong to T. 

Proposition 1.3 1. Va < 173^ < n[Cl{a;T) n 17 C /?]. 

2. Va < VBI3 < n[l3 > akCl{l3;T) nfl C /?]. Namely {(3 < n : Cl{P;T) n 
fl d is unbounded in fl. 

3. {(3 <n: CliP; T)nnc is closed in Q. 

Proof. 11.3111 li a < n, then the set Cl{a]F) is countable. 
11.3121 Given a < Vl, define {/3„}n inductively, /3o = a + 1, Pn+i — min{/3 < 
ri : Cl{f5n] C /?}. Then jS — sup„ /3„ is a desired one. (i < VL since f2 is 

regular. □ 
Let us enumerate the closed points. Define sets Cla{X] J-) and ordinals ipn{a] T) 
by simultaneous recursion on ordinals a as follows. 
Let 

CUX;F) ■.^Cl{X-TU{i^n{-\:F)\a]) 

where 

V'n(a; = min{/3 < n : CTa(/3; J") n f2 C /?}. 
Then a transfinite induction on a shows with Proposition 11.312] 

Va3/3 < l][V'n(a;.F) =/3]. 

For Jb = {0, f2} U {Xxy.x + y,Xx.uj^}{a.nd the Veblen function Xxy.tpxy), 
■i/'n(en+i; -^o) is the Howard ordinal, the proof-theoretic ordinal of the theory IDi 
for non-iterated positive elementary inductive definition on a;, or equivalently 
of KPw, i.e., Kripke-Platek set theory with the axiom of infinity. 

Observe that each function in is {J7}-recursive in for any a > fl. Here 
an {f2}-recursive function is E-definable from the 0-ary function f2, a parameter. 

Now let us extend J-q to the set J^aii of all {r2}-rccursivc functions on L^r- 
Then it turns out that Cl{a;Tau) is the Ei-Skolem hull Hull|;^(a U {n}) of 
a U {r2} on L^, and this gives a characterization of the regularity of the ordinal 
r2, cf. Theorem 12. 101 below. 
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2 E„-Skolem hulls 

For a model {M;e\{M x M)) and X C M, ^ff (X) denotes the set of i;„(X)- 
definable subsets of Af, where E„(X)-formulae may have parameters from X. 
E^^(Af) is denoted S„(M). 

An ordinal a > 1 is said to be a multiplicative principal number iff a is 
closed under ordinal multiplication, i.e., 3P[a = a;"'']. If a is a multiplicative 
principal number, then a is closed under Godel's pairing function j and there 
exists a Ai-bijection between a and for the constructible hierarchy La up 
to a. In this section cr is assumed to be a multiplicative principal number> uj. 

Definition 2.1 1. Reg denotes the class of uncountable regular ordinals. 

2. cf{n) := minjo! < k : there is a cofinal map / : a — )■ k}. 

K is uncountable regular :<=^ n G Reg 4^ k > & c/(k) = k 

K> Lu Sz\fa < K{a < cf{K)) 

card{a) < card{K) there is no surjective map / : a — k. 

3. p{La) denotes the Tii-projectum of L^'. p{La) is the least ordinal p such 
that r{p)r\Y.i(La) t La. 

4- Let a < /3 and / : La Lp. Then the map / is a Yjn- elementary 
embedding, denoted f : La Lp \E for any E„(La)-sentence ip[d] (a C 
La), La h ^ Lp ^ 'P[f{a)\ where /(a) = /(ai), . . . , /(ofc) for a = 
ai, . . . , afc. An ordinal 7 such that V(5 < 7[/((5) = 5] & 7(7) > 7 is said to 
be the critical point of the S„ - elementary embedding / if such an ordinal 
7 exists. 

5. For X C La, HuU^ {X) denotes the set {Yin-Skolem hull of X in L„) 
defined as follows. <l denotes a Ai-well ordering of the constructible 
universe L. Let {ipi : z £ w} denote an enumeration of E„-formulae in 
the language {s}. Each is of the form ipi = 3y9i{x,y;u) {9 G n„_i) with 
fixed variables x,y,u. Set for b Cz X 

~ the <l -least c£ L^ such that L^ \= ^?i((c)o, (c)i;6) 
hlShb) ^ (rL(*,6))o (1) 
Hu11|^(A:) = rn5(/ig_J = {/ig Ji, 6) e : i e 6 G a:} 

Then La [= 3x3y e,{x, y; b) ^ h^^ {i, 6) | & 3y (z, 6), y; 6). 

The following Propositions 12. 2[ 12.31 and 12.41 are easy to see. 

Proposition 2.2 For a,K ^ L^, IIull|;j^(a U {k}) = Cl{a\ Fail) , where in the 
RHS, Definition \L'A is replaced by k € Taii, and Taii denotes the set of all 
{K\-recursive (partial) Junctions on L„. Namely f G Fall iff there exists an 
i < Lo such that f{b) ~ 13 <^ h^_^ [i, (b, k)) /3 for b < a, where (b, c) denotes the 
pairing of b and c. 
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Proposition 2.3 Assume that X is a set in L^. Then rg^^ and are par- 
tial An{La-)-maps such that the domain of h'^ is a Tin{L„)- subset of lo x X. 
Therefore its range Hull|; (X) is a Yin{La)- subset of L^. 

Proposition 2.4 Let Y = Hull^^(X). For any Y.n{Y)- sentence cp{a) with pa- 
rameters a from Y L^ \^ fio-) <^ Y \= ip{a). Namely Y -<s„ L^. 

Definition 2.5 (Mostowski collapsing function F) 

Let n > 1 . By Proposition 12.41 and the Condensation Lemma, cf. [S] , we 
have an isomorphism (Mostowski collapsing function) 

F : Hulls„ {X) ^ L^ 

for an ordinal 7 < cr such that F \ Y = id\Y ioi any transitive Y C HuUf;^^ (X). 
Let us denote, though a ^ doni{F) = HuUJ^ (X) 

F{a) 7. 

Also for the above Mostowski collapsing map F let 

F^"{x]a,X) F{x). 
The inverse G :— F^^ of is a I]„- elementary embedding from Lp^^) to L^. 
Definition 2.6 Let k be an ordinal such that uj < k < a, and let 

Ffu{.}i^) ■^F''"ix;a,pu{K}). 

Then put 

CU^) := {x<^:xeCr^^{{K})kF^^^^^{a)<K} 
2;eCr5^({K}) :^ UuW^^ix U {k}) n K C X 

Proposition 2.7 Let a be a multiplicative principal number with lu < a < k < 
a. Assume that a is recursively regular and the Tii-projectum p{La) > a. 

Then for the map with X ~ aU {k} in (QP we have dom{h^ ) E La-- 
Therefore Hullf;^ (aU{«;}) = rng{h^_^) is a set in L^, and the Mostowski collaps- 
ing function -f^yjK} • I^^llsil*^ U i'^}) ^ ^p^i (o-) ^ Ai{La)-map. Hence 

Moreover if p{La) > n, then Cr^_^{{K}) — {x < k : HuU^j (x U {k}) fl k C x} 
is a set in L^. 

Proof. By the definition dom(/i|, J = {(«,/?) G ujxa : L^ \= 3c6'i((c)o, (c)i; /3, k)} 
is a I]i(L(j)-subset of w x a a. 

By the supposition we have a < p{La). Therefore any I]i(io.)-subset of a 
is a set in La by the definition of the Si-projectum. 

Crg^ {{k}) is a ni(Lo-)-subset of k < p{La), and hence is a set in La- □ 
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Lemma 2.8 Let a be a multiplicative principal number with uj < a < k < a. 
Assume that a is recursively regular and \= a < cf{K). 

1. a < p{La). 

3. Let 13 denote the least ordinal f5 < k such that Hull^^(a U {k}) Cl k, C (3. 
Then /3 < n and L^ \^ /3 < cf{K), and hence /? < p{L^). 

Proof. 

EUHCf. ig.). Let S G Si(L<,) n P{a). We show B e L^. Let g : a ^ B 
be a surjection, and / be the map f{j) — g[ii5{g{6) ^ {/(C) '■ £. < 7}))j i-e-, 
/(7) is the 7th member of B. Both g and / are Ai(LCT)-niaps. Suppose that 
/ is total. The Ei(Lcr)-iiijection / from cr to a yields an injection from k to a 
in La-, whose inverse would be a cofinal map from a to k in Lg-. Let 70 be the 
least J < cr such that 7(7) is undefined. Then B = {f{j) : 7 < 70}, and hence 
i? e Lo- by S-Replacement. 

12.8121 We have a < p{L„) by Lemma I^TSTTl Then by Proposition [1?71 we have 

12.8131 By Proposition 12.71 there exists a surjective map in L^ from a to 
Hull^j {a U {«}). Therefore Hullf;^ (a U {k}) fl k is bounded in k. By the mini- 
mality of (3, Hull^j (a U {k}) n k is cofinal in /3. □ 

Proposition 2.9 Let n > 1 and La \= KPo; + S„-Collection. Then for n < a, 
{(a;, y) : x < nSzy = min{y < k : Hull^„ {x U {k}) Dk C y}} is a Bool(T,n{La))- 
predicate on k, and hence a set in L^ if n < a and L^ \= S„-Separation. 

Proof. Let (p{y,K) be the n„-predicate (p{y,K) Vz < k[z e HuU^ {x U 
{k}) ^ z e y]. Then y = mm{y < k : Hull|;^(a; U {k}) n k C y} iS y < 
K A (p{y, k) A\/u < y-'ip{u, n), which is Bool{T,n{La)) by n„_i-Collection. □ 

2.1 Regularity 

-^xu{k}(2^) denotes the Mostowski collapse F^^{y;a,x U {k}). The following 
Theorems EUni and [2J2] should be folklore. 

Theorem 2.10 (Cf [1 .) Let a be an ordinal such that L^ |= KPoj+Ei-Separation, 
and UJ < a < K < a with a a multiplicative principal number and k a limit or- 
dinal. Then the following conditions are mutually equivalent: 

1. 

La^-^nc L^ (2) 

2. 

h a < cf{K) (3) 
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3. There exists an ordinal x such that x G Cg^(K) Pi (a, k), i.e., 

X e Crg^ n (a, k) & F^J^^j (a) < n (4) 

.i^. i^or t/ie Mostowski collapse ^^^{-^j(y) 

Proof. Obviously under the assumption that a is recursively regular, ([2]) and 
([3]) are mutually equivalent, and (jH) implies 

Assume cr is recursively regular, k denotes a limit ordinal and a a multi- 
plicative principal number with uj < a < k < a. 

© (HI. Suppose there exist an ordinal x such that a < x — 
fJ^^^j(ct) < K and for any Si ip and any a £ 

L„ 1= (^[k, a] =^ L i:i , , 1= if>{x, a\ © 

Let us show 

Define a Ai(io.)-partial map S : dom{S) "k D {dom{S) C k) by letting 
S/B be the <l least X G "k n such that V7 < (3{X ^ S^). 

ft suffices to show that La\='^K C {5'/3}/3 = rng{S). Suppose there exists an 
/ G "kHLct so that V/3 < K{Sp ^ /) and let /o denote the <L-least such function. 
Then /o is Ei definable on L(j from {a, k}: for the Ai(icr)-formula a, n) 
0(/,a,K) AV9 <L f^eig,a,K) with a, «:) :^ / G A V/3 < ^ /) 

we have Lo- ip{fQ,a, k) h La- ^ 3\f(p{f,a,K). By ([5]) we have LpSi . , |= 

3fip{f,a,x), i.e., there exists the <L-least /i G "a; fl iF^uiKyi'^) — ^VlcYi 
that V/3 < a;(< ^ fi). 

We show Lk, 3 fi — fo. This yields a contradiction, ft suffices to see /i C /o 
for /i : a — >■ a; and /o : a — > k. By ([5]) we have for /3 < a, 7 < a; 

/i(/3) =74^ h V/[^(/,a,x) ^ /(/3) - 7] ^ 

h yfHf, a, ^ = 7] ^ /o(/3) = 7 

Note that in this proof it suffices to assume that cr is recursively regular, and 
we see that the condition F^^]^^y{<7) < k. can be weakened to F^^^^^^{a) < k in 
O and ©. 

© (HI). Assume L„ \= Ei-Separation, and \^ a < cf{n). 
We show the existence of an ordinal x < n such that 

a; > a & Hulls, {x \J {k}) r^ k ^ x k, F^^,. {a) < k. 
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As in the proof of Proposition 11.3121 define recursively ordinals {a;„}„ as 
follows, a^o = a + 1, and Xn+i is defined to be the least ordinal x„+i < k such 
that HuU^j {xn U {k}) Cik C Xn+i- We see inductively that Xn < k from Lemma 
12.8131 On the other hand we have "k C by Moreover by Proposition 
12. 9[ the map n i— >■ a;„ is a Ai-set in H Si-Separation. 

Therefore x ~ sup„ x„ < n enjoys x > a, and Hull|;^ (a; U {n}) Cl k C x. 

It remains to see ^^{^^(o') < f^- By Lemma [2.8l2l it suffices to see x < cf{K). 

Since there exists a Ai(L£r)-surjective map /i„ : x„ Hull|;^ (a;„ U {k}), pick 
an increasing cofinal map /„ : x„ — x„+i in Lo- using the minimality of Xn+i- 
Using the uniformity of /„, we see the existence of an increasing cofinal map 
/ : a — >■ X in Lo-- Therefore La ^ a; < cfi^n). □ 

Remark. In the proof of Theorem l2.10[ the assumption that Lo- |= Si-Separation 
is used only in the part ([3]) =^ and everything except the part holds when 
a is recursively regular. 

Corollary 2.11 Suppose k is uncountable regular in \= KPw+Ei-Separation. 

1. K is a-stable, i.e., -^^i L^. 

2. {A < K : A G Reg} = {A < k ; A is uncountable regular in L^} is a Aq- 
subset of K. Therefore the map k > a ^-^ LOa is a Ai -map on L„. On the 
other side the map a > a ^ Ua is a A2 -map on L^. 

Proof. 12.11111 Let (p[a] be a Ei-formula with a parameter a G L^. Pick 
an tta G Cg^ (k) such that a G L^^ by Theorem 12.101 Then L^, [= tf[a] =^ 
Lp^i^^^^ h 'Pia] ^ h f[a] for « = ^a„u{K}(«) ^^d F^^^^^^{a) < n. 
I2.I1I2I For A < K, we see from Corollary I2.11ll[ ^ A G Reg ^ \ & 

Reg. □ 

For the existence of power sets we have the following Theorem 12.121 

Theorem 2.12 (Cf. pj.) Let a be recursively regular, and uj < a < k < a with 
a a multiplicative principal number and k a limit ordinal. Then the following 
conditions are mutually equivalent: 

1. 

a < p{La) A (a) = F^' (a; a,aU{a,K})<K (6) 

2. For the Mostowski collapse F^^^^ ^-j : IIu11|;^(q! U {a, k}) LpHi 

3x[a < X < F^^^^^^^in) < F^^^^^^^ia) < feVEi ^Va G L, 
[La h ^ h <^[^au{a,K}('*)>a])] (7) 
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3. 



V[a)r\L„ C L, 



(8) 



4- 

La \= card{a) < card{K) (9) 

Proof. In showing the direction (ini)=>(IZl), pick the least ordinal x > a not in 
Hulls^(a U {a, n}). and (H])^® are easily seen. 

©^XEl). As in the proof of © ^ (H]), define a A i -partial map S : dom{S) -)> 
V{a) n Lk [dom{S) C k) by letting 5^ be the < l least X £ 'P(a) n such that 

It sufBces to show that V{a) H C {<S'^}/3 = rng{S). Suppose there exists 
an X G ^(a) nl/o- so that V/3 < k;(5'/3 7^ X) and let denote the <L-least such 
set. Then we see that Xq is Ei-definable in L„ from {a, n}: there exists a Ai- 
formula (^(X, a, k) such that L(j h f{Xo,a, k) k Lcr \= 3lXip{X,a, k). By (O 
we have i sj , , \= 3Xip{X,a, F^]. i.e., there exists the <L-least 

Xi e P{a) n Lp^,^ C T'Ca) n L„ such that V/3 < F^^^^^^^{k,){< n){Sp ^ 

Xi). This means that Xi ~ Sr,^i , ^. We show X\ — Xq. This yields a 

contradiction. Denote x G a by x G"*" a and x ^ a by a; G~ a. For any 7 < a, 
again by ([7]) we have 

7 Xo <^ h 3^(7 X A (^(X, a, k)) ^ 

□ 

3 A theory for weakly inaccessible ordinals 

Referring Theorems 12.101 and 12.121 let us interpret ZF to another theory. The 
base language here is {g}. 

In the following Definition 13. 1[ / is intended to denote the least weakly 
inaccessible cardinal though we do not assume the existence of weakly inac- 
cessible cardinals anywhere in this paper except in the Remark after Theo- 
rem 11.11 K, A, p range over uncountable regular ordinals < /. The predicate 
P is intended to denote the relation P{X,x,y) iff a; = F^^{X;I,x U {A}) and 
y — F^^{I;I,x U {A}), and the predicate Pi,n{x) is intended to denote the re- 
lation Pi.n{x) iff a; = x), where F^"{y) = F^"{y;I,a) denotes the 
Mostowski collapsing F^" : HuU^^ (a) ^ of the S„-Skolem hull Hull^^ (a) 
of a < / over Lj, and 7 for Lj — rng{F^"). 

Definition 3.1 T(/,n) denotes the set theory defined as follows. 

1. Its language is {g, P, Pi,n, Reg} for a ternary predicate P and unary pred- 
icates Pi^n and Reg. 
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2. Its axioms are obtained from those of KPcj in the expanded language 
0, the axiom of constructibiUty V — L together with the axiom schema 
saying that if Reg{K) then k is an uncountable regular ordinal, cf. (|12p 
and (jlip . and if P{K.,x,y) then a; is a critical point of the Ei-elementary 
embedding from Ly = Hull^^ (a; U {k}) to the universe L/, cf. ([TT|) . and 
if Pi^n{x) then a; is a critical point of the Ejj-elementary embedding from 
Lx = HuU^^ [x] to the universe L/, cf. (|14p : for a formula Lp and an ordinal 
a, denotes the result of restricting every unbounded quantifier 3z, Vz 
in (/3 to E3z e La^'^z S La- 

(a) X E Ord is a Ag-formula saying that 'a; is an ordinal'. 

{Reg{K) w < K G Ord) 
A (P(K,a;,2;) ^ {a;,?/} C Ord A a; < y < K A i?eg(K)) (10) 
A (P/,„(a;) -> a; G Ord) 

P(k, x,y) ^ a E Lx ^ f>[K, a] f^[x, a] (11) 
for any Ei-formula ip in the language {g}. 

(c) 

Reg{n) a G Ord n k ^ 3a;, y G Ord n K[a < a; A P(k, a;, y)] (12) 

(d) 

Va; G Ord3y[y >xA Reg{y)] (13) 

re; 

P/,n(a;) ^ a G Lj; ^ (/3[a] ^ (^^[a] (14) 
for any I]„-formula </? in the language {g}. 

(f) 

a € Ord 3x e Ord[a < X A Pi^n{x)] (15) 

Let ZFL„ denote the subtheory of Zf + {V = L) obtained by restricting 
Separation and Collection to S]„-Separation and I]„-Collection, resp. 

Lemma 3.2 T(/) IJ^^^^ T(/, rt) is a conservative extension of Zermelo- 
Fraenkel set theory Zf+(V~ L) with the axiom of constructibiUty. 

Moreover for each n>\, T(/, n) is a conservative extension ofZfLn. 

^This means that the predicates P, Reg do not occur in Ao-formulae for Ao-Separation 
and Ao-CoUection. P,Pj „,Reg may occur in Foundation axiom schema. 
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Proof. Let n > 1. First consider the axioms of ZFL„ in T{I,n). By ([T^ . 
T(/, n) proves the reflection principle for E„ ip 

Pi,n{x) ^ a e L^, ^ {ip[a] ^ ip''[a]) (16) 

Let be a E„-formula, and a an ordinal such that {6, c} C £q. Pick an x with 
a < X AP/,„(a;) by ((151). Then by (HH) {a e 6 : <^[a,c]} = {a £ & : (^=^[a,c]}. 
This shows in T(/, n), E„-Separation from Ao-Separation. Likewise we see that 
T(/, n) proves E„-Collection. 

Second consider the Power set axiom in T(/, n). We show that the power 
set V(b) = {x : X G b} exists as a set. Let b G La with a multiplicative principal 
number a > uj. Pick a regular ordinal k > a by ([T5)) . From Theorem 1 2 . 1 1 we 
see that C Let G : Ord — )> L be the Godel's surjective map, which is Ai. 
We have G"'q! = for the multiplicative principal number a. Pick an ordinal 
13 < a such that G(/3) = 6. Then '^2 C C L^, i.e., ^2 = {a; e : a; e ^2}, 
and hence by Ag-Separation ^2 exists as a set. On the other hand we have c G 
b = Gil3) ^ 37 < /3(G(7) = c) and 7 < /3 ^ 6(7) S G(/3). Let S* : ''2 ^ 
be the surjection defined by x £ S{f) iff 37 < f3{G{j) = x A f{'-f) = 1) for 
/ G ^2 and x & b. Pick a set c such that 5"' (^2) C c by Ao-CoUection. Then 
{x : X C b} = {S{f) G c : f & ^2} is a set by Ao-Separation. 

Hence we have shown that ZFL„ is contained in T(/, n). 

Next we show that T(/, n) is interpretable in ZFL„. Interpret the predicates 
Reg{K) o a; < K e Ord AWa < ni f G "k[sup^<„ /(x) < and P{K,x,y) ^ 
Region) A {x, y} C Ord A (Hull^j(x U {k}) n k C x) A (y = sup{i^(a) : a G 
Hull|;^(x U {k})}) for the Mostowski collapsing function F{a) = {F{b) : b G 
Hull^j (x U {k}) n a} and the universe L/ = L. Moreover for the predicate P/,„, 
-P7,n(a;) X G Ord A (Hull^^ (x) n Ord C x). 

We see from Theorem 12.101 that the interpreted (fTO|) . (fTTj) and (fT2|) are 
provable in ZFLi. Moreover the unboundedness of the regular ordinals, (IT3|) is 
provable in ZFLi using the Power set axiom and Ei-Separation. 

It remains to show the interpreted ([HI) and (|15p in ZFL„. It suffices to show 
that given an ordinal a, there exists an ordinal x > a such that HuU^ (x) D 
Ord C X. Pick a regular ordinal k > a. Again as in the proof of Proposition 
11.3121 define recursively ordinals {x„}„ as follows, xo = a + 1, and x„+i is de- 
fined to be the least ordinal x„+i such that Hull^^ (x„) n Ord C Xn+i- We show 
inductively that such an ordinal x„ exists, and x„ < k. Then x = sup„ x„ < k 
is a desired one. 

It suffices to show that for any a < k there exists a. f3 < k such that 
Hull^^ (a) n Ord C /3. By Proposition 12.31 let h^^ be be the A„-surjection 
from the E„-subset dom{h^^) of x a to IIull|;^ (a) , which is a I]„-class. 
From I]„-Separation we see that dom{h^^) is a set. Hence by I]„-Collection, 
Hull2^(a) = rng{h^^) is a set. Therefore the ordinal sup(Hull2^ (a) fl Ord) 
exists in the universe. On the other hand we have for the subset dom{h^ ) of 
ujxa, dom{h^ ) G by Theorem l2.12l Hence n < sup(Hull2^ (a)nOr(i) would 
yield a cofinal map from a to k, which is a subset of the set in the universe. 
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This contradicts the regularity of k. Therefore sup(Hull£„ {a) fl Ord) < k. □ 



4 Ordinals for inaccessibles 

Let Ordf and <^ be A-prcdicatcs such that for any wellfoundcd model M of 
KPw, <^ is a well ordering of type e/+i on Or<f for the order type / of the class 
Ord in M. [a;„(/ + l)] e Ord^ denotes the code of the 'ordinal' a;„(/ + l), which 
is assumed to be a closed 'term' built from the code [/] and n, e.g., \a\ = (0, a) 



for a € Ord, \^ = (1,0) and + 1)1 = (2, (2, • • • (2, (3, [/], (0, 1))) • • •)). 



For simplicity let us identify the code fa] e Ord^ with the 'ordinal' a < £7+1, 
and <^ is denoted by < when no confusion likely occurs. 

<, i.e., <^ is assumed to be a canonical ordering such that KPw proves the 
fact that < is a linear ordering, and for any formula ip and each n <u), 



In what follows of this section n > 1 denotes a fixed positive integer, and we 
work in ZF+{V = L). 

As before, / (or its code [/] = (1,0)) is intended to denote the least weakly 
inaccessible ordinal. R denotes the set of uncountable regular ordinals< J, while 

:= RU {/}. K, A, p denote elements of R. 

Define simultaneously by recursion on ordinals a < cj„+i(/ + 1), the classes 
(7+1) {X c I'a.„+i(7+i)) and the ordinals € R) and 

^7,„Q! as follows. 

Definition 4.1 TLa,n{X) is the Skolem hull of {0,/} U X under the functions 
+,a>-^ oj" < + 1), ^'7,^ \a, ^K,n \o! {k e R), the S„-definability, and the 

Mostowski collapsing functions (a;, K,d) i-> F^^^^i^y{d) {k G ii, Hull^;^ (a; U {k}) fl 

kCx) and {x,d) ^ F^"{d) (Ru\\^^^^{x) nl C x). 

For a later reference let us define stages (to € w) of the inductive 

definition. 



1. HUX) = {0,I}UX. 

2. x,y& H™„(X) n oon+i{I +l)^x + y€ H^+\X). 

X e WS,n{X) n + 1) ^ G n^X\x). 
5. 7 e ^™„(X) n a ^ *7,n7 G n^X^{X). 

4. KG n^jx) nRkjG H^jx) n a ^ ^'«,„7 e n^+Hx)- 

5. Hull^J?^„,„(X) n Li) c Hc^AX). 



Namely for any S„-formula (p[x,y\ in the language {€} and parameters 
a c 'H™„(X) n L7, if 6 G L7, Lj \= ip[b,a\ and L7 |= 3\x(fi[x,a\, then 



KPw h \/x{Wy < xip{y) -> 1^(2;)) -> V.x < w„,(/ + l)ip{x) 



(17) 




(X). 
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6. If K e Ua^ni.X) nR, X £ W^^niX) n k with Hulls^ {x U {k}) n k C a; and 
(k = ujc+i ^ ujc < x), and d G (Hulls^(a; U {k}) U {/}) n H™„(X), then 

7. If X G H™„(X) n / with Hulls„(a;) n / C x, and d G (Hull^Ja;) U {/}) n 
-«-„(X);then G HZtHX). 

8. := U{W"„(^) : m G c^}. 
For K G i?+ 

4'^,„a := min{/3 < k : k G Ha,„(/3) & Ha,nW) n k C /3}. 

The ordinal ^'K,na is well defined and ^K.nCt < « for any uncountable regular 
K < I since k G 'Ha,n{K) by Proposition 14.4111 below. 

Proposition 4.2 J. Ha.n{X) is closed under Tjn- definability: a C T-La,n{X)C\ 
Li Hulls Ja) n Lj C n^A^)- 

2. Forn G R, HuU^^ (*K,«aU{K})nK = Namely ^ i^^nOt G Cr|;^({K}). 

<?• 'Ra,n{X) is closed under the Veblen function ip on I, x,y <E 'Ha,n{X)r]I ^ 

(pxy G T~La,n 

{X). 

4. Ifn G 'Ha,niX)nR, X G Ha,n{X)nK, Hullgi (a;U{K})nK C X, (k = 

LJ, < x) and S G (Hull^^(x U {k}) U {/}) H HaA^), then F^^^^^{d) G 

5. //x G na,niX)nl, Hulls„(x)n/ ex and 6 e (Hulls Jx)U{/})n-Ha,„(X), 
i/ien G H„,„(X)." 

6. ^ssitme n > 2. 7 G Ha,n(-'f) D I <^ uj^ E Hq,„(X) H / /or cJq = Hq. 
Moreover 7 G Ha,™!^) n / =^ 7+ = niin{A G i? : 7 < A} G H^ni^) ^1 1 ■ 

Proof. 14.2121 By the definition of Ha.n{X), we have 

Hulls^(*«;,„aU{K})nK C -H„,„(^'«.na)nK C *«,„a C HuU^^ (^-^.^naUlK}) Hk. 

14.2131 This is seen from the Ei-definability of the Veblen function (p. 
14.2161 From Corollary 12.11121 the map / > a h->- and its inverse are A2- 
definable. Moreover the next regular ordinal 7+ is A2-definable. □ 
In the following Proposition l4.31 for k G R^ and x, (Hull(x, k), F^^k) denotes 
{Hullsi(x U {k}),^;^u{^}) when k < /, and (HuU^^ (x), Fj^" ) when k^L 

Proposition 4.3 Suppose n > 2, k, A G i?.^, Hull(x, k) n k C x, and utc < x 
if K ^ ujc+i- Then x < *A,n6 =^ F^A^) < ^a.^^, and a G HbA^ ^A) n 6 ^ 
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Proof. Suppose x < ^A,n^- We show k e 'Hb,n{'^ x.nb)- If k = /, there is noth- 
mg to show. If K = Wc+i, we have c < uic < x < '^\^nb and c G 'Hb,n{'^ \.nb)- By 
Proposition|4JJ6|we have k = ujc+i G 'Hb,n{^ x,nh). T\msFj,,^{T) e 'Hb,n{^ x.nb). 
It remains to see y := Fx,k{I) < A. We have a definable bijection from x to Ly. 
Since a; < A, we conclude Fx.k.{T) = y < X. □ 
We see the following Proposition 14. 41 as in [B]. 

Proposition 4.4 Lef n > 2. 

J. For any k G k G Hq,„(k), k G 'HQ,„(5'K,„a) and 5'K,„a < k. 
^- "^K^na ^ {ujp : P <UJf)}. 

3. LOa < *w„+i,na < LOa+l- 

5. */,„a < / 

The following Proposition |4?5] is easy to see. 

Proposition 4.5 Both of x — T-La,n{P) [oi < cj„+i(/ + < /) and y = 

^ K,nCt (k G -R^) are T.n+i-predicates as fixed points in ZF. 

Lemma 4.6 Va < w„+i(/ + 1)Vk G R.+ 3x < k[x = ^'„,„q;]. 

Proof. By Proposition 14.51 both x — Ho,,„(/3) (a < a;„+i(/+ < /) and 
At,nCK G -R^) are 5]^-)_i-predicates. We show that ^(o;) i^^* V/? < — 
^Q,n(/5)] A Vk G i?+3/3 < K[^K,na — /3] is progressive along <. Then Va < 
ijjn+i{l + 1)Vk G R^3x < k[x — '^K,nCe\ wiU follow from transfinite induction 
up to a;„+i(/+ 1), cf. (fT7)) . 

Assume V7 < aA^j) as our IH. We have yx3h[h — IIull|;^ (x)]. We see 
from this, IH and Separation that \/X3\Y Da^n{X,Y), where Da^n{,X,Y) is a 
E„+i-predicate such that if Da.„(-H^"„(/3), F)' then Y = W^+'^iP) for any Y. 
Therefore V/3 < I3x[x = Ha,„(/3) = U„ 

Next as in the Proof of Theorem l2.101 (jS)) (|4]), define recursively ordinals 
{/3m}m for K G -R^ as follows. /3o = if k = / and /3o = a + 1 if k = cua+i, and 
l3m+i is defined to be the least ordinal < « such that T-ia.nifim)^!^ C /3m+i- 

We see inductively that /3m < k using the regularity of n and the facts that 
V/3 < I3x[x = %a{P)] and V/3 < k3x[x ~ HaiP) A card{x) < k] for k = uja+i- 
For the case k = I, card{x) < / can be replaced by card{x) < uji. The latter 
follows from the fact that VXBF (X, Y) A {card{X) < card{Y) < k}]. 

Moreover m t-^ is a definable map. Therefore /3 = sup,„ < k enjoys 

Ha.niP) n K C /3. Also a G 'Ha.niP) for K = 1^ 
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5 Operator controlled derivations for weakly in- 
accessibles 



This section relies on Buchholz' techniques in [5]. 

In what follows of this section n >2 denotes a fixed positive integer, and we 
work in Zf + {V — L). We consider only the ordinals < w„+i(/ + 1). 

L = Lj = Ua</ denotes the universe. Both Lj \^ A and 'A is true' are 
synonymous with A. 

5.1 Classes of formulae 

The language Cc is obtained from {g, P, Pi^ni R^q} by adding names (individual 
constants) of each set a ^ L. Ca is identified with a. A term in Cc is either a 
variable or a constant in L. 

Formulae in this language are defined in the next definition. Formulae are 
assumed to be in negation normal form. 

Definition 5.1 1. Let ti,. . . ,tm be terms. For each m-ary predicate con- 
stant R e {g, P, Pi n, Reg} R{ti, . . . , tm) and . . . , tm) are formu- 
lae, where m = 1, 2, 3. These are called literals. 

2. If A and B are formulae, then so are A A B and AV B. 

3. Let i be a term. If A is a formula and the variable x does not occur in t, 
then 3x ^ t A and ^tA are bounded formulae. 

4-. If ^ is a formula and x a variable, then 3x A and \lxA are unbounded 
formulae. Unbounded quantifiers 3a;, Va; are denoted by 3x £ Lj,\fx ^ Lj, 
resp. 

For formulae ^ in £c, c|l<(74) denotes the finite set of sets a which are bounds 
of 'bounded' quantifiers 3x £ a,Wx G a occurring in A. Moreover k{A) denotes 
the set of sets occurring in A. k{A) is defined to include bounds of 'bounded' 
quantifiers. By definition we set £ qk(yl). Thus E qk{A) C k{A) C LjU{Lj}. 

Definition 5.2 1. k(-ij4) = l<(^) and similarly for qk. 

2. qk(A/) = {0} for any hteral M. 

3. k(Q(ii,...,i„)) = ({ii,...,i„}nL/)U{0} for literals Q(ii,...,i„0 with 
predicates Q in the set {€, P, Pi,n,Reg}. 

4. k{Ao V Ai) = k{Ao) U k{Ai) and similarly for qk. 

5. For a £ LjU {Lj}, k{3x £ aA{x)) = {a} U k{A{x)) and similarly for qk. 

6. For variables y, k{3x £ y A{x)) = k{A{x)) and similarly for qk. 

7. For sets F of formulae k(r) := U{l<(^) : A e F}. 
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For example qk(3a; G aA{x)) = {a} U qk{A{x)). 
Definition 5.3 For a G LjU {Lj}, rkL{a) denotes the L-rank of a. 



rkL(a) := 



min{a € Ord : a G L^+i} a G Lj = L 
I a = Li 



Definition 5.4 1. A € Aq iff there exists a Ao-formula d[S:] in the language 
{e} and terms t in Cc such that A = This means that A is bounded, 
and the predicates P, Pi^n, Rsg do not occur in A. 

2. Putting So := Hq := Aq, the classes and Jim of formulae in the 
language Cc are defined as usual, where by definition U Yim C S^+i H 
11™+ 1 • 

Each formula in U li^ is in prenex normal form with alternating un- 
bounded quantifiers and Ao-matrix. 

3. The set (A) of sentences is defined recursively as follows. Let {a, 6, c} C 
Li and d e L/ U {Li}. 

(a) Each E„+i -sentence is in S^"+i(A). 

Each hteral including Reg{a), P{a, b, c). Pi „(a) and its negation is in 

('c^ S^''+^(A) is closed under propositional connectives V, A. 

(d) Suppose \fx e dA{x) ^ Aq. Then Va; G dA{x) e E^"+i(A) iff A(0) G 
I]^"+i(A) and rkL(d) < A. 

fe; Suppose 3x e dA{x) ^ Aq. Then 3x G d^(a;) G S^"+i(A) iff A{0) G 
E^"+i(A) and rkz,(d) < A. 

Note that the predicates P, P/,™, Reg do not occur in Em-formulae. 

Definition 5.5 Let us extend the domain dom{F^^^^y) = Hull2^(a; U {k}) of 
the Mostowski collapse to formulae. 

domiF^^^^y) = G El U Hi : k{A) C Hull^^ (a: U {k}) U {/}}. 

For A G do'm{F^^^^y), F^^^^y" A denotes the result of replacing each constant 

c G L/ by P^{^}.(c), each unbounded existential quantifier 3z G Li by 3z e 
L si , , , and each unbounded universal quantifier £ Li hyVz £ L s-^ , , . 

For sequent, i.e., finite set of sentences F C dom{F^^^^y), put -F^^^^j'T = 

Likewise the domain dom{F^") = Hull^^(a;) is extended to 

domiF^") = G E„ U n„ : k{A) C Bull^Jx) U {/}} 

and for formula A G dom(Fj^"), Pj^"'M, and sequent F c domiF^"), Pf""F 
are defined similarly. 
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Proposition 5.6 For F = F^^^^^,F^" and A G dom{F), A o F" A. 

The assignment of disjunctions and conjunctions to sentences is defined as 
in except for I]„ U n„-formulae. 

Definition 5.7 1. If AI is one of the Hterals a ^ b,a ^ b, then for J :— 

M - / V(^J.eJ if M is false (in L) 
■~ \ A(AXeJ if is true 

2. (Ao V Ai) :~ V(A,).eJ and (Aq A A^) - A(A).eJ for J ■= 2. 

5. i?e5(a) :~ \/{a ^ a),,ej and ^Reg{a) :~ A(a e a)^^,/ with | q ot^erW ' 

4- P{a, b, c) :~ \/{a a)^^j and -^P{a, b, c) :~ Al^^ £ '2)te,7 with 

1 ifaei?&3a<a;„+i(/ + l)[6:=*a,na&aeHa,„(6)&c = F^^i^„j(/)] 
\ otherwise 

5. P/,„(a) :~ V(« ^ a)<.eJ and -'F/,„(a) :~ A(a ^ «)<.eJ with 

J f 1 if 3q! < a;„+i(/ + l)[a „q,&;q; e „(a)] 
1 otherwise 

6. Let 3z e 66'[z] G S„ for 6 G i/ U {L/}. Then for the set 

d := /iz G b0[z] := min{d : (d G & A V {^3z G 6 6'[z] A d = 0)} (18) 

<L 

with a canonical well ordering <l on and J = {d} 

3zeb0[z] :~ Y(dG feAe'[d])de,7 (19) 
Vz G & -6'[z] :~ /\{d G ^ ^e[d])dej 

where d G 6 denotes a true literal, e.g., d ^ d when b = Lj. 

7. Otherwise set for a G U {Lj} and J {fe : 6 G a} 

3a; G aA{x) :~ \/ {A{b))bej and Va; G a A(x) :~ /\{A{b))beJ- 

The rank rk(A) of sentences A is defined by recursion on the number of 
symbols occurring in A. 

Definition 5.8 i. rk(-.A) := rk(A). 

2. rk(a G 6) := 0. 

3. Tk{Reg{a)) := rk(P(a,6,c)) := rk(P/,„(a)) := 1. 
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4- rk{Ao V Ai) := niax{rk(Ao), rk(Ai)} + 1. 

5. rk(Ela; £ a A{x)) := niax{i:ja, rk(A(0)) + 2} for a = rkL(a). 

Proposition 5.9 Let A ~ V(A).eJ or A ~ A(^J^eJ- 

i. ViG J(k(yl,) ck(A)U{i}). 

^. A e S^"+i(A) ^ Vt e J{A, e I]^"+i(A)). 

5. for an ordinal X< I with uiX = A, rk(A) < A ^ A G I]^"+i(A). 

4. Tk{A) < I + UJ. 

5. Tk{A) G {ujTkL{a)+i : a G qk{A),i G C Hull^^ (k(A)). 
^. Vi G J(rk(yl,,) < rk{A)). 

Proof. 15.9161 This is seen from the fact that a <E b E Lj U {Lj} rkL(a) < 
rkL(6). □ 

5.2 Operator controlled derivations 

Let y. be an operator V. : 7^(ia;„+i(/+i)) on icj„+i(/+i)- For 

e ■P(ia;„+i(/+i)), "^[6] denotes the operator defined by H [6] (X) "HCeuX) 
for X G 'P(iu;„_,.i(/+i))- The map X 1— 'Ha.n{X) defined in Definition 14. II is an 
example of an operator on ia;„+i(7+i)- 

Let T-L be an operator H on ii^„^i(7+i), k G i?^, F a sequent, a < cj„+i(/+l) 
and 6 < / + w. By recursion on ordinals a we define a relation (7^, K,ri) F, 
which is read 'there exists an infinitary derivation of F which is (k, n) -controlled 
by H, and whose height is at most a and its cut rank is less than b\ 

Sequents are finite sets of sentences, and inference rules are formulated in 
one-sided sequent calculus. 

Definition 5.10 By recursion on ordinals a define a relation {H, K,n) F as 
follows. 

{n,K,n) h'^ F holds if 



and one of the following cases holds: 

(V) A ~ V{^t • £ >^}; A eT and there exist t G J and a(t) < a such that 



and {U,K,n) hl^'' r,A,. 

(/\) A ~ A{^t • £ '^},' ^ G F and for every l E J there exists an a(t) < a 
such that {n[{L}],K,n) h^^'' F, A,. 



{a}uk(F) c n -.^ nidi) 



(20) 



rkL(i) < K =S> rkL(t) < a 



(21) 
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{cut) There exist uq < a and C such that rk(C) < b and {H, k, n) h^" F, -iC 
and {H,K,n) C,T. 

(Pa) X E R and there exists a < A such that {3x, y < X[a < xAP{X, x, y)]) G F. 

(^^u{A}) ^ ^ 'HC\R, X = *A,n/3 e H for a /3 and there exist ao < a, Fq C Si and 
A such that k(Fo) C Hull^^(CH n a;) U {A}) U {/}, F = A U (i^^^J{A}"^o) 
and {%,n,'n) h^" A, Fq, where -F.y{A} denotes the Mostowski collapse 
^.lV}^I^'^l4(^U{A})^i^., 

(P/,„) There exists a < I such that (3a; < I[a < x A Pi.n{x)]) G F. 

(F^") X = ^i.nP S "H for a /3 and there exist ao < a, Fq C S„ and A such that 
k(Fo) C HuU^jHna;) U{/}, F = AU (FJ^-'Tq) and (H,K,n) h°" A,Fo, 
where F^^ denotes the Mostowski collapse Fj"" : Hull^^(a:) O L^s^^jy 

Proposition 5.11 {H, K,n) h"^ T k X < k ^ {H, A, n) F. 

The inferences rules (V), (A) ^^'^ {cut) are standard except I]„un„-formulae 
are derived from specific minor formulae, (Pa) is an axiom for deducing 

the axiom (HH), Reg{X) ^ Vz < X{3x,y < A[z < a; A P(A,a;,y)]), and {F^^^^y) 
for proving the axiom (fTTj) . P{X,x,y) A z < x ^ ^[X, z] — > z] for Ei c/?. 

Likewise (P/) and (F^") for the axioms (|15p and (jl4p . 

Let us explain the purpose of the unusual(, though correct) inference rules 
(V), (A) foi" deriving E„ U n„-formulae. For simplicity set A = wi and = 
F^,], 1 , and consider the language of ordinals. Consider the standard inference 
rules for introducing existential quantifiers in which any correct witness can be 
a witness: 

(H, K, n) h ^[7, a], F 
{H,K,n) h 3z < /3 6l[7,z],F 
where a < /3. Then its dual should be 

{{H[{a}], K, n) h F, -.^[x Q]}a<,3 
(H,K,n) hF,Vz </3^6'[7,z] 

But then, we have to examine all possible witnesses a < /3 in deriving the 
axiom Vz < I^9[z, wi, a], 3z < Fx{F) 0[z, Fx{uji), a] for a < a; = i^2;(wi): Assume 
a,x,y G 7^. 

{(^[{0;}], K,n) h -n9[a,u!i,a],3z < F^{I) 9[z, Fx{uJi), a]}a<i 
{n, K, n) h Vz < I^9[z,u;i,a],3z < F,{I) e[z, F,{uji), a] 

For a G dom{Fx) we can deduce it by (F^;) 

(H[{a}], K, n) I — aji,a],6'[a,wi,a] ^ 

(H[{q}], K,n) h -.6'[Q,i:Ji,a],6>[fa^(Q),-Fa:('^l),Q] 

{n[{a}],K,n) h -6l[a,cji,a],3z < F:,(/) 6'[z, i^^(wi), a] 
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But there are ordinals a < I such that a ^ dom{Fx) since dom(Fx) = Hull^j (a;U 
{oji}) is countable, and / > wi is uncountable. 

Moreover the same trouble occurs, when an inference rule for quantifiers 
followed by an (F^;): 

r,g[x«] 

r,3z</3g[7,z] 
r,32<F,(/3)0[F,(7),z] ^ 

Even if a < /3, it may be the case a ^ dom(Fx). Then one can not replace a cut 
inference with its cut formula 3z < Fx{(3) d[Fx{j), z] by one of a cut formula of 

the form 0[F,(7),F,(a')]- 

Contrary to this, in the inference rule for S — fiz < f5 9['y, z], 

{n,K,n)hT,3z < I3 0['j,z] 

6 is Si-definable from {/?} U 7 if /3 < /. Therefore if {/?} U 7 C dom{Fx), then 
so is S. 



We will state some lemmata for the operator controlled derivations with 
sketches of their proofs since these can be shown as in [6 . 

In what follows by an operator we mean an 'H^^„[0] for a finite set Q of sets. 

Lemma 5.12 (Tautology) // k(r U {A}) C V., then hf^'^^^ T,^A,A. 

Lemma 5.13 (I]„ U n„-completeness) 

For any sentence A e i;„ U n„, (A is true) ^ {H, I, n) A. 

Proof. This is seen by induction on the number of symbols occurring in I]„un„- 
sentences A. □ 

Lemma 5.14 (Elimination of false I]„-sentences) 

For any sentence A 6 (A is false) & [U.I.n) ^^V^A^ {n,I,n) T. 



Proof. This is seen by induction on a using Proposition 15.61 □ 



Lemma 5.15 Let ip[x,z] £ for m > 1, and Qc — {-'VyiVx G yip[x,c\ 

ip[y,c])}. Then for 
Oc, Va; G a (p[x, c] . 



<f[y,c])}. Then for any operator H, and any a, c, {'H[{c,a}],I,n) h/^^^^^^'^'^^^'^'' 



Proof by induction on rkL(a). Let /(a) = / + 2m + 4 + 2rkL(a). By IH we have 
for any b € a, ('H[{c, 6}], /, n) l"f^^,^„_|_2 ©cVx G b(p[x,c]. On the other hand 
by Lemma 15.121 with rk((p) < / + m — 1 and rk(Vj: G bip[x,c]) < / + m + 1, 
we have (H[{c, 6}], /, n) h^+2™+4 e^, ^Vx G bip[x,c],(p[b,c]. By a (cut) with 
/ + 2m + 4 < /(6) we obtain {H[{c,b}], I,n) Qc,^[b,c\. (A) yields 

{n[{c,a},I,n) e^Vx G a^[x,c]. □ 
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Definition 5.16 {H,I,n) h<" T -.^B/S < a[{H,I,n) T]. 

Lemma 5.17 Let A be an axiom in T{I,n) except Foundation axiom schema. 
Then {%, /, n) 1^^^^'^ A for any operator % — T-L-y^n- 

Proof. By Lemma lS. 131 there remains nothing to show for n2-axioms in KPoj + 
iV = L). 

We consider the axiom pT|) . Let a Si-formula (p[x, a] = Elz e Lj 9[z, x, a] be 
given, and assume A, t, i^, a G i/. 

Case 1 : X RSz l — '^x,nCt with a e Ha.nii-) Szv — F^^x}^-^^ ^^'^ ^ ^ 
We show (H[{A, i, a}], /, n) h^-^ -i(y3[A, a], a]. 

Let c — fjLz & Li9[z,X,a\. Then rk(6'[c, A, a]) < / since 6 is Aq, and 
by Lemma 15.121 we obtain ('H[{A, a}], /, n) 'r'^^ ^6'[c, A, a], 0[c, A, a], where 
cGHull^^({A,a}) cH[{A,a}]. 

By (FfuVj) with i = Fu{A}(^)' « = ^.u{A}(«)' {n[{\,i,a]],I,n) h<^ 
-0[c, A, a], e[F u{A} (c): «]> where F^^^^j (c) G H[{A, 6, a}] by c £ -^[{A, a}] 

By ^.u{A}(c) - e L,0[z,i,a] e for = ^^,u{A}W' and (V), 
(-H[{A,t,a}],/,n) h<^ ^6'[c, A, a], </?''[t, a], where e ■H[{A,t,a}]. By (A) 
we conclude ('H[{A, t, a}], /, n) \-'^^ -i(y9[A, a], (^''[i, a]. 

Case 2 : Otherwise. 

Then -^P{\l,v) ~ /\0 or ^(a € L,) ~ A^- Hence {H[{\,i,v,a}],I,n) 
^P(A, L,v),-'{a e L,). 

So in any case, (T^ijA, i, i', a}], /, n) hj^'"^ ^P{X, l, j/), -i(a G LJ, -'<p[A, a], <y5''[i, a]. 

By (V) and {/\) we obtain {'H,I,n) hp VA, a, a;,y G Lj{P{X,x,y) ^ a G 

— </?[A, a] — > (/^''[a;, a]}. Note that P{X,x,y) a E ^ v[^,a] — > a] 
is not a I]„-formula since the predicate P occurs in it. 

Likewise the axiom ^ is derived by (F^"), and {H,I,n) (fU]) . 

Finally consider the axiom ([T3| . If a is not an ordinal, then (■^[{a}], /, n) hp ^ 
a ^ Ord for a Ao-formula Ord. Hence (H[{a}],/, n) |-q^ a G Ord 3y[y > 
a A Reg{y)]. Assume a is an ordinal. By Proposition 14.2161 and n > 2 we have 
a+ G H[{a}], and {H[{a}],I,n) a+ > aAReg{a+), and (-H[{a}], /, n) h<'^ 
a G Ord — >• 3?/[j/ > a A i?eg(j/)]. Therefore by (A) we obtain {'H,I,n) hg G 
Ord3y[y > x A Reg{y)]. □ 

Lemma 5.18 (Embedding) 

//T(/, n) h r[S'], f/iere are m,k < uj such that for any a C Lj, (7^[a], /, n) 
r[a] /or any operator % = T-L-y^n- 

Proof. By Lemma fS.lSI we have {'H,I,n) \-j'^^_^_2 ^u, z^^y^ix G y(p[x,z] — 
z]) —7- z]) for (p[x,z] G Sm- By Lemmata 15.121 and 15.171 it suffices to 
consider inference rules of logical connectives. 



21 



Suppose {n[{a, h}],I, n) ^[^l^ T[a, b],9[a] and (?^[{a, h}],I, n) h{:,2+fe r[a, b],a £ 
h for any a G Lj, where we suppress parameters for simplicity. We show for 
A = 3z€ be[z] 

Va £ Lj{{'H[{a,b}],I,n) h<^^;f+" r[a,6],A} (22) 

If 3z £ b9[z] ^ Yin, then there is nothing to prove. Assume 3z G £ S„. 
If Elz £ b9[z] is true (in L), then by Lemma fS.lBl we have (?^[{6}], /, n) |-^'''^('^) 
and hence follows. 

Otherwise {a ^ b) V -^9[a] is true. If 0[a] is false, by Lemma [5.141 we have 
{H[{a,b}],I,n) h{:^+'= r[a,6], and hence 1^. Otherwise a £ & is false, by 
LemmaEHwe have {■H[{a,b}], I,n) 1-^;^+'' T[a,b], and hence (j^ . 

Next assume that a does not occur in F. Then wee can choose a as we wish. If 
3z £ 66l[z] is true, thenleta = nz £ 66l[z] £ HuU^^ (k(A)). {H[{b}],I,n) h<|^^+'^ 
r[6], 6'[a] yields 1^ by (V) and rkL(a) < /. Otherwise let a = 0. (0 ^ 6) V -.6'[0] 
is true. The rest is the same as above. 

The case for introducing a universal quantifier is similar to the existential 
case. □ 

Corollary 5.19 Assume T{I,n) h 9 for a sentence 9. Let toq be a number 
such that if £ E^o if o,n instance Vu, 2:(Vy(Va; £ yip[x,z] — ^ ip[y,z]) — > ip[u,z]) 
of Foundation axiom schema occurs in the given T{I^n)-proof of 9. 

Then for m — maxjrno + 10, n + 7}, (7^, /, n) h/^^^^" for any operator 

Proof. This is seen from the proof of Lemma 15.181 and rk(VM, z{\/y{\/x £ 
y(plx, z] — (p[y, z]) — > ip[u, z])) < I+mo + 9 li (fi & and ik{A) < I + n + Q for 
the universal closure A of instances of axioms (|10p -(fT5 |) in T(/,n). Specifically 
for A = {\/x,a{Pi^„{x) a e ^ (p[a\ -> (f'^ia])) of ([14]) with (p £ !]„, we 
have rk{A) < I + n + 6. □ 

Lemma 5.20 (Inversion) 

Let d — iiz E b9[c, z] for 9 £ n„_i. Then 

[n, K, n) F, 3z £b9[c,z]^ {n, n, n) hJJ F, d £ 6 A 9[c, d] 

and 

(n, n, n) ^1 F, Vz £ 6 -^9[c, z] {%, k, n) F, d £ & ^ -^9[c, d] 

Proof. Consider the case when 6* £ Ao and {3z £ b9[c, z]) = {3z £ Fj^i^^-^{bQ) 9[F^i^^-^{co) , z\) 
is a main formula of an (F^^^-^^-j) for an t = \ na. 

We have {6o}Uco C dom{Ff^\^^) . Then d ^ ^lz e Fu{a}(^o) 9[Ff^\^^{c^) , z] = 
-^iu{A}('^o) for do ^ ^z ^ bo9[co,z] £ dom{F^^^^). Thus do £ 6o A 9[cQ,do] is a 
minor formula with its main deb A 9[c, d] of the (Ffj^^^. □ 

In the following Lemma I5.21I2[ note that rk{3x < X3y < X[a < x A 
P{\, X, y)]) = A + 1 for a < A £ i?, and rk(3x < L[a < x A P/,„(x)]) = /. 
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Lemma 5.21 (Reduction) 
Let C c \J{C,),e.J- 

1. Suppose C ^ {3x < X3y < \[a < x A P{X, x,y)] : a < X e R} U {3x < 
I[a < X A Pi^n{x)] : a < I}. Then 

{H, K, n) h;? A, & {H, K, n) h^CTk rk(C) <c^{'H, k, n) h^+'' A, T 

2. Assume C = (3a: < X3y < X[a < x A P{X, x,y)]) for an a < X E R. and 
P e H/s^n- Then 

(H/5,„, K, n) r, ^ (H/3+i,„, n) r 

3. Assume C = {3x < I[a < x A P/^„(x)]) for an a < I and /3 £ Hp.n- Then 

{n0,n, K, n) r, ^ {np+i,n, n) r 

Proof. 

15.21111 by induction on b < ujn+i{I +1). Consider the case when both C 
and -iC are main formulae. First consider the case when C = (-F'tuj^i.'V) 
is a main formula of an (F^^|-^-j) with a ip e Si, and -iC is a main for- 
mula of a (A). Let ee ^ Vz G F^J^^^{e)^e[F^J^^^{e}, z] with 

e C Hulls, ((H n t) U {A}), e G Hulls, ((H H i) U {A}) U {/} and for the set 
d — ^iz E F^^xji^) ^[^tu{A}('^' "^l minor formula is "^l- 

For any z G HuU^, (t U {A}) we have F,y0[e, z] <^ 0[e, z]. 

Now consider the set do = M-z G e0[e,z]. Then do G HuUs,(t U {A}) = 
dom(i^^^l^j), and F^^^y{do) = d. Moreover by {e} U e C 'H we have do G 

By Lemma [5.20| inversion on the main formula Vz G F'^^x} (^)~'^[^zu{a} ^1 
of the (/\), we get {'H,K,n) hJJ A,->0[F^^^^-^{e), F'^^^y{dQ)], and inversion on 
the minor formula 3z G e0[e,z] of (F^^i^j) we get {T-L^K^n) (?[e, do] for the 
do G e, and then by (Ffj^^^) go back to --e[Ff^\^^{e), Ff^\^^{do)]. 

Transfer 

32 G ee[e,z],r,A j,^ 

A,VzGFf^\,j(e)^e[Ff^^^,j(e-),.] 3^ G Ffj^,j(e)e[Ffj^,j(e), 2], Ffj^.j'T, A 

(cut) 



to 



A F^i "r A 



0[e,do],r,A . 

^1 I'^.M flrz?^! (•^A /^.M Z?^l "r A tU{A}^ 



A,-0[ru{A}(e").^.u{A}(*)] «[i^.u{A>(e")>^^.u{A}(rfo)],i^,u\A}"r,A 



Next consider the case (FJ vs. (F^,) with li > i, where F^ ~ F'^^ for some 
A G i? or Ft = F^" with X — I, and similarly for F^,. 
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Let i^t"(/3 be a main formula of (F,), and -^Fi,"(p = -^F,-^"9 a main formula 
of (F.J. 

Then by ti > t and ProDOsition l4.3l we have F^,{I) < ti, and hence F^,-^" F^,"ip = 
F,"ip = F,,,''e, i.e., = F,'V. 



A,F,"r,Ai,i^,,"r ^^"'^ 

15.21121 Suppose C = (3x < A3y < A[a < xAP{X, x, y)]). We have ("H^,™, k, n) 
r, -lEla; < \3y < \[a < x A P{\, x, y)] with a < A. 

Let L = "^x,nl3 and = -P'jy|;y}(-^)- Since a e H^,„nA, we have a < 5'A,n/3 = 
L. Moreover by /3 G we have l,v G Hp+i^n- By inversion {Hp+i.m k, n) hJJ 
r, -i[a < 6 A P(A, i^)] and once again by inversion with -iP{\, l, z^) ~ (A G A) 
we have (H^+i^„, k, n) F, a t, A G A. By eliminating the false sentences 
a t, A e A we have (H^+i^„, k, n) F. 

15.21131 This is seen as in Lemma 15.21121 by introducing the ordinal i = 5'/,„/3. 

□ 

Lemma 5.22 (Predicative Cut-elimination) 

1. {H,K,n) h^J+^a F&[c,c + a;'^[n({A + l : A G -R} U {/}) = 0&a G H ^ 
(H,K,n) h^"^^ F. 

2. For A G i?, if Lu'' < LUn+i{I + 1), (H^,„,K,ri) h^+j r&7 G H^,„ 
i'Hj+b,n, n,n) F. 

5. //w'' < w„+i(/ + 1), (H^,„,K,n) hj+i F&7 G H^,n ^ {n^+b,n,K,n) 
F. 

4- {U^,n, li, n) F & [c, c+w'»[ni?+ = & a G H^,„ ^ (^^+va6,„, At, n) h^^ 



Proof. 15.22141 This follows from Lemmata [EHH |5J212J and 15,2213] using the 
facts iy9a6 > &, and a > iy90(iy9a6) = ipab. □ 

Definition 5.23 For a formula 3a; G dA{x) and ordinals A = ikL{d) G i?'*',a, 
(3x G c?A)P'^f") denotes the result of restricting the outermost existential quan- 
tifier 3x e d to 3x e La, {3x G = (3a; £ LaA). 

In what follows Fx.x denotes F^\ when A G -R, and Fj"" when A = /. 

Lemma 5.24 (Boundcdncss) Lef A G C = (3x e dA) and C ^ {3a; < 
A3y < \[a < x A P{X, x,y)] : a < X e R} U {3x < I[a < x A Pi^n{x)] : a < I}. 
Assume that rk(C) = A = vki^{d). 

1. (H, A, n) A, C & a < 6 G -H n A CH, A, n) h^J A, C^^^W . 

2. {H,K,n) A,^C&6G-HnA^ {H,K,n) h^J A, ^(C^^^W). 
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Proof by induction on a < w„+i(/ + 1). 

Note that if a main formula Ft^o-'V of an (F^o-) is in S^"+i(A), then either 
a < X and there occurs no bounded quantifier Qx < A in F^^a^ip, or a > l > X 
and =F^^^'Y. 

Let C ~ V(CJ^e./ for C'l = ^(0, and {n, A, n) h?^'^ A, C, C,, with an a(i) < a 
for an t e J = d. Otherwise C'^'^^^^ = C by the definition. Then C'^''^^^ ~ 
V(Ct)tgj' where J' = L;,. By the condition (PT|) we have rki(t) < A rkL(t) < 
a < b, and hence l E Lb = J'. By IH we have Lemmata 15.24111 and 15.24^1 □ 

Lemma 5.25 (Collapsing) 

Let A e i?+ and cr G i?+ U {uja limit a < /} . 

Suppose {7, A, cr} C H^^n[@] with Vp > X[Q C 'H7,„(4'p.„7)], anrf F C 
E^"+i(A). Let /i = cr + li/<TG Otherwise ji ~ a if a ^ for a 

limit a < I . Then for = 7 + and k = maxjcr, A}, if a < a;„+i(/ + 1), 

(7{^,„[e],At,n) h;: F (Ha+i,„[e],A,n) h*;;;;j f. 

Proof by main induction on /i with subsidiary induction on a. 

First note that ^'a.mO G ^a+i,n[0] = 'Ha+i,n(0) since = 7 + 0;°'+° e 
'H-y,„[6] C Ha+i,n[6] by the assumption, {7, A,cr, a} C H^^niQ]- 

Assume (H^,„[e][A], k, n) h^J" Fq with Vp > A[A C Tiy ^ni'i' p,n j)]- Then by 
7 < a, we have for any p > X, do £ 7{^,„[9][A] C 'Hj^n{^p,nl) C 'Ha,n{^ p,na). 
This yields that 

ao < a ^ Vp > A(*p,„(ro < *p^„a) (23) 

Second observe that k(F) C T-L^^ni^] C 'Ha+i,n [Q] by 7 < a + 1. 
Third we have 

Vp > A[k(F) C H^,„(^'p,„7)] (24) 
Case 1. First consider the case: F 3 ^ ~ A{^< : t G J} 

{(7^^,„[9 U 14], A., n) h°(^^ F, A : . g J} 
(H^,„[e],K,n)h^r 

where a(t) < a for any t G J. We claim that 

VtG JVp>A(iGH^^„(*p^„7)) (25) 

Consider the case when A = Vx G 6 ^A' . There are two cases to consider. First 
consider the case when J = {d] for the set d = fix ^ bA'. Then l ~ d~ {fix G 
bA') G Hull£jk(^)) c -W^.„(*p,„7) by dM]). 

Otherwise rki(6) < A, i.e., b G La- Let p > X. We have G W{A) C 
?^^,n[e] C 'Ht,,„(*p,„7). Hence b G 'H7,„(4'p,„7) n Lp. Since Ht,,„(«'p,„7) n p C 
4'p,n7 and 5'p,n7 is a multiplicative number, we have 'H^_„(L>fp ^^) fl Lp = 
W7,n(^'p,n7) nLp C L*p^-y. Therefore (. G 6 G i*p,„7 C ■H'y,„(\l/p,„7) as desired. 

Hence ([25|) was shown. 
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SIH yields 

{{H^,^, [eu{i}],X,n) h*^'""Ji) T,Ar.LeJ} 

(^a+i,„[e],A,n) hl^-^lr 

for a(I) = 7 + since «'A,„^(t) < ^'A.nO by 

Case 2. Next consider the case for an A ~ V{^t : i G J} G F and an i e J 
with a(i) < a and rki(t) < k =^ rkL(t) < a 



(V) 



Assume rki(t) < A. We show rki:,(i) < ^'A,na- By ^'A,n7 < ^A,na, it suffices to 
show rkL(i) < *A,n7- 

Consider the case when A = 3x E bA'. There are two cases to consider. 
First consider the case when J = {d} for the set d = iix € bA'. Then l = d = 
(/XX e bA') e Hull^Jk(A)), and rki(t) e Hull^Jk(A)) C H^,„(*A.n7) by ([21. 
If rkL(i) < A, then rkL(0 G U-y \nl) n A C ^-A.nT- 

Otherwise we have J — b G C Hy.niQ], and we can assume that 

L e k(A,,) C ■Ht,,„[9]. Otherwise set i = 0. We have rki(t) < rkL(6) < A, and 

rkL(t) G 'H-y,„(*A.n7) n A C ^-A.nT- 

SIH yields for o^) = 7 + cj'^+'^(') 



(^^>_ui [e],A,n)h*^-"^^F,A 



(V) 



(Ha+i,Ti[6], A,n) 

Case 3. Third consider the case for an ao < a and a C with rk(C) < /i. 
(?^^,„[e],K,n) F,-C (H^,„[e],K,n) h^o C,F 



(H^,„[e],K,n) h-F 



(cut) 



Case 3.1. rk(C) < A. 

Wc have by ^ k(C) C 7{^,„(*A,n7). Proposition [SM] yields rk(C) G 
n(^'A n7)nA C ^'An7 < *A «»• Bv Proposition l5.9l3l we see that {^C,C} C 

E^"+i(Aj. 

SIH yields for (fo = 7 + 



(Hs5+i,„ [6] , A, n) h|-"S2 F, -.C [6] , A, n) h*-"i2 C, F 



(■Ha+i,«[0], A,n) F 



(cut) 



Case 3.2. A < rk(C) < /i and rk(C) ^ 

Let TT := min{7r G i?+ : tt > rk(C)}. We have tt G i? and vr G Hj^Q] by 
rk(C) G H^,„[e] and Proposition H^H 
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Then A < rk(C) < n < ^, and hence {^C,C} C S^"+i(7r) by Proposition 
15.9131 SIH with max{7r, a} — a — k yields for oq = 7 + uj'^+°-o ^j^^j — ^I*^ „afl, 

{n^„+iAQ],7T,n) r,^c and (Hsj+i,„[e], vr, n) c,r. 

Let ^i' = oja + l< 13 for tt = uja+i. Then /3 = ^' + 0;*^ and [n' , fi' +uj^[nR+ = 
0. Moreover rk(C) < ^. By a (cut) 

(Hs5+i,„[e],7r,n)hJ^^, r,-c (Hs5+i,„[e],^,n)hJ^^, c,r 

('WaK+i,«[6],7r,n) r 
Predicative Cut-ehmination 15.221 yields 

We have fi' < fi. MIH with max{A,/i'} < tt and Proposition 15.111 vields 

(Hffr+i,n[0],A,n) h*;;;;;gr 

forai = ao+</?/3(/3+l)+w"°+'^'^*''+^^ = 7+a;'^+'^o+w"°+'^'3('^+i) < 7+^'"+" = a 
by ao < a, clIq < (7 and /3 < a with a strongly critical a. Thus ^'A.nOi < ^A,na 
and (Ha+i.niO], A, n) l-^j^'^" F. 
Case 3.3. A < rk(C) < fi and tt := rk(C) S 

Then C £ I]^"+i(7r) and tt < ct. Also tt G 'H-y.„[9]. C is either a sentence 
3a; < I[a < x A P/^„(x)] with tt = I, or a sentence 3x G dA{x) with qk(yl) < 
TT = rkL(d) < /. 

In the first case we have k — a — I, and (7^-y+i_„[0], /, n) F by Reduc- 
tion [521131 and IH yields the lemma. 

Consider the second case. From the right uppersequent, SIH with max{7r, a} = 
a = K yields for = 7 + uj'^+°-° and (3o = ^'^r.^oo e "Has+i.iJO] 

(Hsj+l.rje],^,/!) C,F 

Then by Boundedness I5.24TT] and (3o G Hsj+i.^JG], we have 

On the other hand we have by Boundedness 15.24121 from the left uppersequent 
(HsK+i,„[e],7r,n) h;i°F,-(C™) 

Moreover we have -.(C*^'"'^^'')) G E^"+i(7r). SIH yields for oq < ai = oa + 1 + 

(7^<rr+i,n[e],7r,n) h^; T,^C^^^^M 

Now we have 0^ G 'Hai.n{'^Tr,nO-) and Si < a for i < 2, and hence /3o = ^ir.nOo < 
/3i = ^'^^„ai < *^^„a." Therefore rk(C(3^f'5o)) < ^1 < *^^„a. 
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Consequently 

(1«ar+i.„[e],7r,n)h^^r,^C™ (Hs5+i,„[e],7r,n) c™,r 

7rT\ 

(Hst+i^„[e],7r,n) h^^+^r 

Let (a, /i',/32) = + if tt = Wq+i, and {a, fi' , ^2) = (/3i,;5i,0) = 

, , 0) if TT = /. Then /3i < + uj'^^ and [/^' , a*' + w'^^ [ni?+ = 0. 
Predicative Cut-ehmination 15.221 yields 

(7^^+^&(ft+i).je],7r,n) h;:^(^^+i)r 

We have /z' < /x. MIH with niax{A,/i'} < tt yields 

(Hs;+i,„[e],A,n) hj-lr 

foraa = ai+(y3/32(^i + l)+a;""+'^'^^(^i+i) ^ ^+^'^+^0 +^^+ao _,_^cu„+¥.fe(/3i+i) <- 
7 + = a by flo < a, < CT and Pi < a with a strongly critical a. Thus 

^'A,«a2 < *A,«a and (7^a+i,n, A, n) T- 
Case 4. Fourth consider the case for an ap < a 

(7^^,„[e],^,n) A,ro 

where F — A U i^'Tp and either = ^Ju{p}' ^0 ^ ^1 ^'^'^ some a; and p, or 
F = F^", To C S„ for an a;. Then A U Tq C E^"+i(A). SIH yields the lemma. 

□ 

Corollary 5.26 Suppose T C S^"+i(wi). ^ssitme (Ho.„,/,n) 1-/+;^;'' T /or 
some m,k < uj such that b = uJmil • 3 + fc) < +1). Let j3 — uji, n{b) and 

c = ipP/3. T/ien (Hf,+i,„,a;i,ri) hg r. 

Proof. Let {'Ho,n,I,n) h/^;^'' T. By Predicative Cut-elimination 15.22131 we 
have {'Ho,n,I,n) ^'^^-^(^■^+'') y. Collapsing 15.251 vields (7^6+i,„, wi, n) T. 
By Predicative Cut-elimination [5. 22111 we obtain ("Hfj+i^n, wi, n) I-q P. □ 

Proposition 5.27 For each sentence A in the language {g} U Lj the following 
holds. 

1. A :^ V(^t)<eJ => Vt G J{Al is an {g} U Li-sentence), and similarly for 
the case A ~ 

2. Ac^ V(A),,ej ^{Li^A^3Le J{Li h A,)). 

3. Ac^ A(A)<.eJ ^ (i/ h ^ ^ G J{Li h A,)). 

^. (H,wi,n)h^P&a<Lj„+i(/ + l)^L/ hVr- 

Proof. Propositions 15 . 27fTII5 . 27131 are straightforward. 

Proposition 15 . 27B1 is proved by induction on a < a;„+i(/ -|- 1) using Propo- 
sitions [OZIIElZEl and the fact that (F^^^^j) and (F^") are truth-preserving, 
that is to say if the upper sequent of these inferences is true, then so is the lower 
sequent, cf. Proposition l5.6l □ 



28 



6 Proof of Theorem 11.11 



For a sentence 3a; G L^^Lp in the language {g, oji}, assume ZV+{V = L) h 3x G 
Li^^ ip. Let no > 2 be the number such that in the given ZF + (y = L)-proof 
instances of axiom schemata of Separation and Cohection are E„(, -Separation 
and S„Q-CoUection, and let ni the number such that in the given ZF+ (y = L)- 
proof instances of Foundation axiom schema are applied to I]„j^ -formulae. Let 
m = max{no + l,ni + 10}, and let n = m -I- 1. Then by Lemma 13.21 and 
Corollary 15.191 we see that the fact {T-Lo,n,I,n) ^fl^^"^ 3x G L^^^p is provable 
in ZF -f (y = L). We have b — uJm{I • 3 -f w) < -|- 1). In what follows 

work in ZF + = L). Corollarv 15.261 vields ("Hb+i.n, wi, n) hg 3x G iwi</J 
for (3 ~ '^uji,n{b) and c — <p/3/3. Boundedness 15.241 vields (Hb+i^„, wi, n) hg 
3a; G Lcf- Then by Proposition I5.27l^ with c < 4'cji.„w„(/ + 1) we obtain 

3a; G i*^j.„cu„(/+i)¥'- 

The whole proof is formalizable in ZF -I- = L), we conclude + {V = 
L) h 3x G L^^^ „Lj„(/+i)<<5. This completes a proof of Theorem ll.il 

Remark. Using notation systems of infinitary derivations as in [7], it is rea- 
sonable to expect the following: 

Over a weak base theory T, ZF -|- (y = L) is a conservative extension of 
T + {V = L) + {3a; < ijJi[x — ^cji,tiW„(/ + 1)] : n < uj} with respect to a class 
of formulae depending on T. 

Since any cut-free derivation of a first-order sentence is finite in depth, we ac- 
tually have the following Corollarv 16. II 

Corollary 6.1 Assume 2.\- + {V = L) \- 3x < u tp. Then there exist n,h < lu 
such that 

(■Wcu„(/+l) + l,n,'^l,"-) 1^0 <UJ(p. 

Problem. Let g be the Godel number of a T(/)-proof of 3a; < uxp, and h = 
H(g) a bound of depth of cut-free derivation. Note here that a number n < tu 
such that (?^^^(7+i)+i^„, wi, n) \- q 3x < uj (p is calculable from g. Then the map 
H on u! seems not to be provably total in ZF + (V = L), i.e., ZF + {V = L) \/ 
\/g G uj3h G u[h = H{g)], and H ^ L^^^g^^j. 

The problem is to find a reasonable hierarchy of realsG "a; indexed by count- 
able ordinals, and to show that H is too rapidly growing to be provably total 
in ZF + (F = L). 
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